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A significant number of spatial analysts have recently shifted their emphasis 
away from economic theories of location to a more behavioristic approach. It 
is the purpose of this paper to review this development and to suggest a gen- 
eral f ramework within which an integrated theory of human spatial behavior can 
be developed. More specifically, the first part of the paper will isolate the 
major behavioristic and spatial assumptions in classical location theory; the second 
section will deal with some recent attempts to relax the most limiting of these 
assumptions. Since a large part of this new work has employed probability 
models, some comments will be directed toward the concept of stochastic model 
building in general. In the last part of the paper, this discussion will be 
extended to comments on q-way probability matrices and their use in multidimen- 
sional Markovian models. 
ECONOMICS AND SPATIAL THEORY 
It has been argued that the basic problem in economics is to study how 
limited material resources become allocated among different users. This allocation 
process can be viewed as a game between producers and consumers in which 
economic man behaves in a predictable manner. More precisely, the consumer 
is assumed to follow a s trategy that maximizes his utility function, while the 
producer attempts to maximize his profit. In this simplified economic game, 
both players operate within given constraints, such as budget, demand, technol- 
ogy, etc., and each is further  restrained by the moves of his opponent. After  
a period of mutual adjustment, both will find that they cannot improve their 
respective positions and an equilibrium situation has been reached (38). The 
allocation problem can be analyzed with tools other than game theory and equi- 
librium models, but most available techniques are in fact based on the same 
premises. This indicates that Katona's  and Simon's characterization of classical 
economics is still basically valid and that most existing theories are normative 
(36, 58). 
Since most spatial theories are extensions of economic theories, traditional 
work in regional science and theoretical geography has been directed toward 
the same normative, optimizing constructs as have the studies in economics. 
The modifications of classical economics by L6sch, Isard, and others have led 
to a relaxation of the presumption of a nondimensional economic world but they 
have not affected any of the normative-behavioristic assumptions. As a conse- 
quence, the players in the spatial economic game are blessed with the attributes 
of economic man, which makes it meaningful to apply the same equilibrium 
approach as in nonspatial economics. The extension of the classical theory into 
The support of the Swedish Council for Social Science Research is gratefully acknowl- 
edged. 
229 
2 3 0  PAPERS OF THE REGIONAL SCIENCE ASSOCIATION, VOLUME XXl 
a spatial context implies, however,  that  the players can influence the outcome 
of the game not only by manipulat ing utility and production functions, or supply 
and demand curves,  but also by manipulat ing space. In a ceteris paribus situation, 
this indicates that  the producer  tries to increase his profits by enlarging the size 
of his marke t  area, while the consumer tries to minimize his purchasing costs 
by  forcing the producer to come as close to him as possible. 
I t  was in this areal sense that  von Thiinen and L6sch treated space in their 
models. L6sch arrived at his spatial solution by combining the notion of the 
demand cone with a set of special areal equilibrium conditions which stated that  
no par ts  of the total area can be left unserved, and that  supply, production, and 
sales areas must  be as small as possible (40). Isard later extended this into a 
more general  formulation embracing both LSSch's and yon Thi inen 's  derivations 
as special cases (31). This  was made possible by the use of a substitution 
f r amework  in which the notion of t ransportat ion inputs played a major role. 
As a consequence, Isard was able not only to fuse existing location theories into 
one model but  also to incorporate pert inent parts  of production and distribution 
theory.  
In addition to the studies of space in the areal sense, there exists a large 
number  of quasi-spatial models in which space has been simplified and collapsed 
into a set of points. Some interregional equilibrium models are good examples  
of this approach (34) as are the transportat ion var iant  of the linear p rogramming  
model, most  g rav i ty  formulations, and the application of graph theory to spatial 
problems (47). In other cases, such as general interregional linear p rogramming  
and input-output analysis, space has been included in the form of point regions 
simply by expanding the traditional models (32); symbolically, this means that  
new subscripts and superscripts  have been introduced and the traditional equa- 
tions have been repeated for each region. 
A s s u m p t i o n s  
I t  has already been noted that  most spatial theories are based on the same 
behavioristic assumptions as the nondimensional theory of the firm. Cyert  and 
March (14, p. 8 ft.) have suggested that  these premises can be reduced to two 
rationality assumptions; first, that  firms consistently seek to maximize profits 
and, second, that  they possess perfect  knowledge. It  is only if these assumptions 
are fulfilled that  traditional spatial theory is valid, and it is only then that  it is 
meaningful  to employ it in the computation of opt imali ty  and equilibrium solu- 
tions. 
In spatial theories, the maximization of profits has usually been assumed to 
result  f rom the minimization of transportat ion costs or, in the simplified case, 
f rom the minimization of physical distance. In this respect,  locational optimali ty 
can be related to the social physics principle of least effort, which Bunge re- 
cently restated as a nearness principle by which he means that  interacting objects 
tend to place themselves as closely together as possible (4). In effect, Bunge 
and the social physicists have drawn analogies with the fundamental  optimali ty 
principles in physics, and, in this respect,  their  approach is similar to some 
biological studies (56) and to general sys tems theory in part icular  (1). 
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I t  is superfluous to discuss in any detail how the goal of maximizing profits 
has been criticized in economics. I t  is enough to recall that  particular attention 
has been drawn to the importance of noneconomic motives in the decision-making 
process of the firm. As a result, it has often been suggested that  the optimizing 
function should include noneconomic factors and that  the objective, or purely 
economic, maximizing function be replaced by a subjective one. For the spatial 
analyst,  similar reasoning implies that  minimization of physical distance is only 
a theoretical notion intended to simplify the formulation of abs t rac t  concepts. 
Actors in the real world realize of course that  minimizing functional or subjective 
distance is often more appropriate  than putt ing interacting objects as closely 
together  as possible in the physical sense. The  use of subjective distance func- 
tions in spatial models is closely related to the use of subjective util i ty and 
profit functions in nondimensional economics, and, in this regard,  subjective 
distance could be one of the variables entered into those functions. A seemingly 
nonoptimal location decision or a biased interaction field, for example,  may  ap- 
pear  optimal for the individual concerned simply because he understands how 
to specify the relevant  subjective distance and maximizing functions. 
The  notion of subjective distance functions is also re levant  to an understand- 
ing of Cyer t  and March ' s  second proposition, i .e . ,  that  the classical rat ionali ty 
assumption presupposes perfect  knowledge on the par t  of the decision makers .  
Wha t  appears  as an optimal location or interaction pat tern  for the individual 
may  thus do so s imply because he is not aware  of all the possibilities. For  the 
most  part ,  this unawareness  relates ei ther to insufficient information channels or 
to the decision-maker 's  subjective filtering of the information he receives. Th is  
suggests  a close relationship between interaction fields and information flows of 
the type discussed in several  migrat ion studies (29, 30, 41, 46, 63). Pred has treated 
urban and industrial growth in similar t e rms  and suggested that  spatial economic 
growth is governed by a circular and cumulat ive process by  which the creation 
and dissemination of inventions is facilitated (52). Such processes create tend- 
encies toward selected growth,  and these are fur ther  enhanced by biases in the 
flow of information. Thorngren  (59) and W~irneryd (65) have analyzed the 
Swedish economy in related te rms  and found that  the mechanisms of spatial 
g rowth  are best understood if exist ing spatial theories are complemented with 
the concepts of organization theory. Pred (53) has recently extended his ideas 
on circular and cumulat ive causation into a detailed and excellent discussion of 
the behavioristic assumptions in location theory- - reemphas iz ing  the fact  that  
spatial growth,  to a large extent,  reflects the spatial pat terns  of information 
flows. 
As already noted, the data submit ted through biased information channels 
are fur ther  distorted by  each individual 's  perception or subjective filtering of 
the information he receives. On a large scale, Gould (23) has demonstrated 
that  such distortions of information content can influence people 's  ranking of 
different countries, and Wolpert  (64) has noted how the perception of a social 
and physical environment  affects an individual 's  decision to migrate .  Finally, 
a number  of related studies has t reated the perception of natural  hazards as a 
part icular  aspect  of the physical environment  (5, 35, 39, 57, 62). 
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These brief comments  on the perception and flow of information indicate 
how the subjective evaluation of spatial al ternat ives makes  the traditional be- 
havioristic assumptions ext remely  unrealistic. In addition, spatial theories and 
models often involve specifically spatial premises that  are equally questionable. 
Thus,  most areal spatial models depend on the notion of a homogeneous plain 
over which the actors in the economic game move themselves and their  activities. 
In the case of the interregional point models, on the other hand, it is not a lways 
clear which spatial assumptions have been made; presumably,  however,  they all 
involve some measure  of areal dispersion and homogeneity which is then used 
as a basis for determining the center of each region. If  this is done on a func- 
tional basis, each region may be imagined as a punct iformally generated demand 
cone of the LiSsch-type or as a Clark-type city (7) in which sales, interaction 
intensities, and population densities decrease with increasing distance f rom the 
center. Gurevich and Saushkin (24) have discussed this problem and have dem- 
onstrated that Clark 's  model can be extended to take nonhomogeneities into 
account. Thei r  contribution is important  since reali ty is only remotely  similar 
to the theoretical isotropic pla in--a  recognition that  has caused many  empirical 
geographers  to refute  practically all spatial theory. One of the few constructive 
suggestions in this dialogue between empricists  and theoreticians has been pro- 
vided by Tobler  (60) in his work  on mathemat ical  functions by means of which 
complex realities can be t ransformed into homogeneous plains. Conceptually, 
his approach is related to that  of von Thiinen, who deformed the theoretical 
pa t tern  of concentric land-use zones by introducing a r iver  on which goods 
could be t ransported more cheaply than over the land. 
Recent Approaches to Spatial Model Building 
The discussion thus far has recapitulated and criticized the basic assumptions 
in classical spatial theories. The re  is general  agreement  that  these assumptions 
are highly unrealistic, but  there has been little work on the specification of 
another  more rational set of premises.  Fur thermore ,  the few a t tempts  along 
these these lines have been pr imari ly  verbal  ra ther  than symbolic and critical 
ra ther  than constructive. One reason for this may  be that knowledge about 
spatial behavior is far f rom adequate. Isard and Dacey (33) came to similar 
conclusions in their s tudy of individual behavior in which they pointed out that  
an individual 's choice among al ternatives varies widely with his attitudes. By 
restat ing the assumptions of rational behavior in axiomatic form they were  able 
to isolate the few instances in which spatial behavior  can comply with theoretical 
expectations. In situations where  the knowledge is so scant, it is meaningless 
to employ highly simplified determinist ic models with predefined cause and effect 
relationships. Some economists have therefore  suggested that  the classical homo 
economicus be replaced by a homo stochasticus, and it is obvious that  a concom- 
itant modification of spatial theory is highly desirable. As noted by Curry  (12), 
in a discussion of spatial probabil i ty models, an important  advantage of the 
probabilistic approach is precisely this explicit admission of the researcher ' s  
ignorance. 
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Although there are great  conceptual differences between determinist ic and 
stochastic approaches, it often happens that  the outcomes f rom the two types of 
formulations are the same. As a consequence, the insights into a process provided 
by on~ model can help in the interpretation and development of another logically 
more at t ract ive one. For  the spatial analyst,  it is part icularly fortunate that  
this applies to one of his most  widely used models. The  basically determinist ic 
g rav i ty  formulation can thus be related to several  existing stochastic models of 
human interaction, and it can, in fact, itself be t ransformed into a model of that  
type (50). Typically,  these interaction models consider two sets of probabilities, 
one set specifying the number  of opportunities already reached and accepted by 
a tr ip maker ,  and the second set specifying the proportion of trip makers  going 
beyond a certain distance to reach an acceptable opportunity.  Consequently, the 
probabilities themselves relate human behavior to the spatial unevenness of op- 
portunities and therefore indirectly to the spatial homogenei ty assumption. 
The  probabilities in some cell counting models can be interpreted in essen- 
tially the same manner.  Medvedkov (45), for example,  has employed the entropy 
concept of information theory as a technique for quantifying the agreement  
between empirical  and theoretical set t lement distributions. More specifically, he 
suggested that  Christal ler 's  hexagonal central place pat tern  be regarded as the 
signal, and the random noise be at t r ibuted to deviations f rom the isotropic con- 
ditions. Medvedkov thus viewed the spatial distribution of places as a result  
of a set of , r egu la t ed  accidents" in which chance or randomness has affected 
the outcome from the otherwise determinist ic central place theory. A similar 
approach has been taken by Dacey (15, 16, 17, 18, 19) who has conceived of urban 
places as points which topography or institutional factors have dislocated f rom 
their theoretical positions on the hexagonal lattice. A var iant  of the cell counting 
technique was used to ver i fy  that  the distribution of places in almost  homogeneous 
areas follows a double Poisson distribution, al though the locations in inhomo- 
geneous areas are bet ter  described by a double negative binomial. These  and 
other distribution functions have recently been discussed by Olsson (49). Hudson 
(28) has used them in his analysis of rural  set t lement  and Rogers (55) has em- 
ployed them in studies of shops within cities. Finally, Harvey  (25) has furnished 
an excellent discussion of cell count analysis in diffusion studies, pointing out, 
in particular,  how the technique offers a way in which t ime and space can be 
t reated in the same model. 
Even though the relationships between distribution functions and physical 
urn models make it possible to draw conclusions about generat ing processes, 
the great  value of cell counting analysis is as a sophisticated technique for spatial 
description. Implicit  in this approach to description is the idea that  the real 
world represents  only one of many  possible realizations of a specified stochastic 
process. I f  th is  realization has had a small likelihood of occurrence, it in itself 
becomes difficult to understand without  reference to the underlying probabil i ty 
mat r ix  f rom which chance happened to pick an unusually small figure. Wha t  
may  initially appear  to be a unique case can thus be fitted into more general 
constructs.  This  demonstrates  that  even basically descriptive probabil i ty models 
lend themselves to causal inference by which large scale aggregate  regulari t ies 
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can be related to small scale processes. Employing a stochastic approach, one 
may  therefore determine the degree to which reali ty deviates f rom the homo- 
geneous plain and also, in theoretical terms,  account for this deviation. If  the 
focus is on the behavior  of real world people, as compared to the behavior 
assumed in traditional spatial theory, the possibilities for such causal inferences 
become indispensable. 
An interesting and somewhat  different a t tempt  along these lines has been 
made by Curry  (9), who claims that  the t ime factor is the key to understanding 
the spatial distribution of central  place activities. In particular,  he has suggested 
that  the spatial pa t te rn  of service outlets is a result  of consumer behavior  and 
its changes over time. Employing a set of Poisson distributions with the mean 
vary ing  between different goods, Curry  used this approach to determine not only 
the number  of purchases per week but also the size of various service areas. 
Most importantly,  he later extended these a rguments  into a general theory of 
consumer and retailer  behavior (13) in which interesting analogies were drawn 
from turbulence and communications theories. As a consequence, the use of 
spectral  analysis was suggested as an appropriate  technique both for determining 
the convertabil i ty between the t ime and space domains and for detecting noise 
due to uncertainties faced by consumers and suppliers. 
Spectral  analysis offers a new and challenging approach to traditional spatial 
theory, pr imari ly  because it provides a sophisticated technique for describing 
and analyzing an agglomerated spatial economy in te rms  of its harmonics.  The  
generation of such an economy can be related to the flow of information as Pred 
has proposed (52, 53), but  it may  also be understood in te rms  of the stochastic 
interplay between the forces of distance and specialization as suggested by Curry 
(11). More specifically, the generation of an undulating spatial economic surface 
can be related to the idea of contingency in probabili ty theory; this, by definition, 
means that  one particular outcome of a stochastic process can change the prob- 
ability for similar events occurring in spatial and temporal  proximity.  In one 
of Cur ry ' s  examples  (11), such an accumulat ing process gave rise to high in- 
dustrial and areal specialization as in the American manufactur ing belt; in another 
case (10), it provided an explanation for the occurrence of ice ages. 
SUGGESTED FRAMEWORK FOR SPATIAL BEHAVIORAL ANALYSIS 
The  models reviewed in the preceding section are all promising and at tract ive,  
even though Cur ry ' s  explicit recognition of chance and uncer ta inty makes  his ap- 
proach more appealing than most of the others. No mat ter  how thought-provoking 
a part icular  formulation may be, however,  it is always worth recalling that  
several  quite different models sometimes give rise to almost identical results (6). 
Attention will therefore be drawn to a somewhat  different, but  very  general 
f r amework  within which spatial theory and human behavior may  be studied. 
Keeping in mind that  precise knowledge about spatial behavior is lacking, 
a deterministic approach seems indiscriminate. Further ,  recalling that  human 
behavior is affected by a large number  of variables,  it appears  appropriate to 
consider explicitly the complexity or multidimensionality of the underlying data. 
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F i n a l l y ,  a model  of behav io ra l  p rocesses  should  t r e a t  spa t i a l  and  t e m p o r a l  se- 
quences  concomi tan t ly .  
Traditional Markov Models 
If  thes~ a re  the  t h ree  cen t r a l  c r i t e r i a  wh ich  the  ideal  model  of spa t i a l  
behav io r  m u s t  mee t ,  then  i t  is poss ib le  tha t  a M a r k o v i a n  fo rmu la t i on  can  be 
e x t e n d e d  to p rov ide  a m e a n i n g f u l  ana ly t i c  f r a m e w o r k .  T o  fac i l i t a t e  a more  
de ta i l ed  e l abo ra t ion  of th is  po in t  the  bas ic  p rope r t i e s  of M a r k o v i a n  mode l s  wi l l  
be br ie f ly  s u m m a r i z e d .  
T h e  g e n e r a l  M a r k o v  process  (2, 37, 51) is a sequen t i a l  model  c h a r a c t e r i z e d  
b y  a set  of s t a t e  condi t ions ,  S, w h e r e  
S = {sl . . . . .  s . . . . .  } ( 1 ) 
and b y  a se t  of sequence  condi t ions ,  T, w h e r e  
T =  {tl . . . . .  t . . . . .  }.  ( 2 )  
In  addi t ion ,  the  M a r k o v  process  embod ies  a p r o b a b i l i t y  c r i t e r ion ,  t e r m e d  the 
M a r k o v  p r o p e r t y ,  defined as  
P ( t ~  = sr . . . . .  t~_j  = s) = P ( t ~  = sl[t~-~ = s i )  ( 3 )  
w h i c h  s ays  t ha t  the  p r o b a b i l i t y  t ha t  any  s ta te  sr occurs  on sequence  t~ is inde-  
p e n d e n t  of al l  o the r  s t a t e s  in the  sequence  e x c e p t  t ha t  one wh ich  occu r r ed  on 
t~-1. In  opera t iona l  t e rms ,  the  M a r k o v  p rocess  is a sequence  of m a t r i x  ope ra t ions  
of the  fo rm 
~P. ~ V = ~+1V' ( 4 ) 
w h e r e  P is a m a t r i x  of t r ans i t i on  p robab i l i t i e s ,  and  V is a vec to r  of obse rva t ions .  
T h e  s u p e r s c r i p t  in (4) r e p r e s e n t s  the  e l e m e n t  t~ f rom the  set  of sequences  T, 
w h e r e  t ime  is the  imp l i c i t  v a r i a b l e  in the  model .  T h e  cel ls  of the  m a t r i x  P ,  
{Pi~}, a r e  the  p robab i l i t i e s  of m o v i n g  f rom s ta t e  i to s t a t e  j .  F u n c t i o n a l l y  the  
{Pi~} can  be deno ted  as  
'~+IP~j = f ( '~Pi j ,  '~vj, n )  ( 5 ) 
w h i c h  m e a n s  t ha t  the  p r o b a b i l i t y  m a t r i x  in a M a r k o v  process  is r e l a t ed  to the  
va lue  of the  p r o b a b i l i t y  m a t r i x  a t  the  p r e c e d i n g  sequence ,  the  obse rved  s t a t e  vj 
a t  the  p r e c e d i n g  sequence ,  and  the  p lace  of t ha t  p a r t i c u l a r  sequence  in the  se t  
T. Given  a process  in a p a r t i c u l a r  s t a t e  s~ at  sequence  t , ,  no add i t iona l  infor-  
m a t i o n  is t lherefore needed  to c h a r a c t e r i z e  c o m p l e t e l y  the  d i s t r i b u t i o n  of the  
p rocess  at  a n y  t ime  t > t , .  
W h e r e a s  the  gene ra l  c lass  of M a r k o v  process  mode l s  have  not  found wide  
app l i ca t ion  in  the  s t u d y  of social  processes ,  M a r k o v  cha ins  have  been  used  to 
a cons ide rab le  ex ten t .  Since  the  M a r k o v  cha in  fo rms  a subse t  of the  M a r k o v  
process ,  i t  is c h a r a c t e r i z e d  b y  the  s ame  bas ic  p roper t i e s ;  the  only  d i f ference  is 
t ha t  a M a r k o v  chain  a s s u m e s  tha t  the  p r o b a b i l i t y  tha t  a n y  s t a t e  s~ occurs  on a 
p a r t i c u l a r  sequence  t is  i ndependen t  of the  pos i t ion  of tha t  sequence  in the  set  
T. T h e  condi t ion  for  a M a r k o v  chain  can  t he r e fo re  be w r i t t e n  as  
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P ( t ~  = sd t~-~  . . . . .  t~_~ = s) = P ( t ~  = sdt,~_~ . . . . .  t~_~ = s) (6 )  
which implies that  a Markov chain is a Markov process with the added condition 
of stationarity.  Operationally, this means that  the matr ix  P is invariant  over 
t ime such that  
~p~j = 0p~j ( 7 ) 
where  ~ i represents  the initial value of the transition probabil i ty mat r ix  at to. 
Since each combination of V and P thus results in a unique Markov chain, 
simple matr ix  operations can be used to determine the steady state or equilibrium 
conditions for the model. 
There  exists a number  of applications of Markovian models to spatial studies. 
Brown (3), for instance, employed a chain model to describe the spread of liquid 
propane tanks, and Rogers (55) used a similar formulation in his analysis of 
interregional migration flows. However,  migrat ion behavior does not usually 
conform to the stat ionari ty assumption in the Markov chain model, and some 
wri ters  have consequently suggested that  Markov process models be used instead 
(42, 43). As the transition probabili ty matr ices in the latter can change over 
time, they are well suited for handling problems involving search procedures 
and learning processes of the type encountered not only in migrat ion but also 
in marke t ing  behavior (22, 26). In addition, Markovian models have been applied 
in a number  of other spatial studies (8, 21, 27, 44) with subjects ranging f rom 
city size distributions to the movement  of points in two dimensions. 
A Var ia t ion  
The brief s u m m a r y  of Markovian models and their use in spatial research 
indicates at least three points wor thy of fur ther  attention. Firstly, the traditional 
models employ ordinary mat r ix  s t ructures  which limit the number  of analyzed 
variables to one. Secondly, the ordinary rules for mat r ix  multiplication imply 
a linearity assumption such that  the element j in ~+IV in (4) is equally dependent 
on all of the entries of the i th row of ~P and the jth column of ~V. Thirdly,  
the traditional model is limited in its temporal  scope because it specifies the 
probabili ty of any state s~ occurring on sequence t~ to be independent of all 
states in the sequence except the immediately preceding one. 
I t  is almost a t ruism that models are used in scientific investigations because 
they limit the number  of variables employed in the analysis. With respect  to 
spatial behavior, however,  present  knowledge is too scant to suggest  which of 
the many  possible variables should be employed. To limit oneself to the use of 
the one (or sometimes two)va r i ab l e s  whose interactions can be portrayed in 
ordinary matr ix  s t ructures  would therefore imply severely limiting c e t e r i s  p a r i b u s  
assumptions. The  answer to this problem comes in a logical extension of the 
matr ix  form such that  the ordinary two-dimensional mat r ix  
Pll  "-" P I ~  
p =  : 
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be expanded into three dimensions, where 
p '  = 
or, in the more general case, into a matrix of q dimensions. Following Olden- 
burger ' s  notation (48), such a structure can be called a q-way matrix represented 
a s  
P "  = {Pro,,% . . . . . .  q}, ( 8 ) 
i.e., as a vector space with any number of axes, q, where q is a finite positive 
integer. 
To appreciate the significance of q-way matrices, it may be helpful to recall 
how Clark (8) tested the usefulness of Markov chain models as a tool for ana- 
lyzing rental housing distributions in urban areas. As noted by Clark himself, the 
limitations of the two-dimensional transition probability matrix allowed him to 
trace only the movement of a tract within the rental classes; the spatial pattern 
of these movements could not be considered explicity. This means that the 
traditional Markov chain approach enabled him to derive a gross measure of 
change in one variable at the expense of neglecting the associated spatial pro- 
cess. Map analysis could shed light on this problem, but it could be treated 
more directly by means of a four-way matrix, allowing the indexing not only 
of the probabilities of moving within rental classes but also within space. 
To turn to the second point raised above--i.e., the operator in Markov mod- 
e l s - i t  should be recalled that ordinary matrix multiplication can be functionally 
denoted as 
V' = f ( V , P )  (9)  
where f is a linear transformation specified as 
v ~j = P~k'v~j. (10) 
Historically, this operator was derived for the solution of sets of simultaneous 
linear equations, but its inherent property of linearity could become a limiting 
factor when applied to models of social processes9 As seen from (9) and (10), 
the function f is solely responsible for the linearity of the transformation; the 
matrices V, P, V'  serve merely as indexing or representational mechanisms. 
The obvious generalization of the sequential operator therefore involves a re- 
definition of f into a function, f ' ,  which can be either linear or nonlinear, 
continuous or discontinuous. 
Much work has yet to be done on the specification of the function f ' ,  but 
a similar approach has recently been used by Tobler (61), who suggested a two- 
way linear' transformational model of the form 
V'  = P.  V . P  r (11) 
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where pT is the transpose of the transition probabil i ty mat r ix  P. Since the 
multiplication in Tobler ' s  case still is defined as a linear operator, the premul- 
tiplication of V by P and the postmultiplication of V by pT operates respectively 
on the rows and the columns of V. Thus  V I is a linear combination of both 
the associated rows and columns of the probabili ty matr ix,  such that  
v o = Pikvkj (12) 
! : ~V fl 
where V" is employed solely for computational simplicity. Tobler has also dis- 
cussed the relationship between (12) and the idea of a local operator by which 
the interaction between juxtaposed elements can be established. For the two- 
way matr ix ,  the local operator can be defined as 
Vtij : f [ (V i - l , j -1 ,  Vi- l , j ,  Vi-l,j+l, Vi,j-1, Vi,j, ~)i,j+l, V/+I,j-1, Vi+l,j, 
vi+id+l), (Pi-l,~-~, P~-I,j, P~'-I,J'+I, P~,~-~, P~,J, Pi,j+~, (13) 
f rom which generalization to the case of q-way matr ices follows immediately.  
The  concept of a local operator is closely related to the notion of neighbor- 
hood effects in spatial interaction and diffusion. I t  seems possible, therefore,  that  
detailed knowledge of systematic  variations in the b-value of the grav i ty  model 
may  help to determine precisely multiplication rules that  would yield the desired 
spatial contingency effects. Presently,  it is less d e a r  how the operator should 
be defined for those variables having no spatial dimension. 
Finally, to turn to the third point raised above, it should be recalled that  
the transition probabili ty matr ices are usually determined f rom the formulation 
p = [ p ~ ] =  a~  
a~j (14) 
where the {a~j} are the observed frequencies of transitions f rom state i to state 
j .  The  results of this calculation apply to ordinary mat r ix  structures,  but, once 
again, they can easily be extended to q-way matrices,  although the interpretat ion 
of each cell of the probabil i ty mat r ix  is then altered; in the two-way matr ix ,  each 
p~2 represents  the many-to-one mapping of a complex process, while the values 
in the q-way mat r ix  specify simple conditional probabilities. In both cases, 
however,  the probabil i ty s ta tements  are empirical and consequently conceived 
of in an empirical or frequentis t  manner .  In the case of behavioral modeling, 
such a conception could be somewhat  limiting and it may  be more at t ract ive to 
employ the subjectivist  view instead. 
The  specification of the mat r ix  P also bears on another problem related to 
Markov models. Thus,  the Markov proper ty  states that  the outcome of each 
trial depends solely on the outcome of the immediately preceding one which 
makes  the length of each trial period crucial. I f  it is desirable to keep the 
Markov proper ty  unchanged, the obvious solution to this difficulty is to determine 
the probabilities over  short  t ime periods. If, on the other hand, it is deemed 
more meaningful  to change the Markov proper ty  itself, the transition probabil- 
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fries can be made functions of any number  of previous states, or symbolically 
P ( t ~  = s~l t~- i  . . . . .  t,~_j = s) = P ( t ~  = s~[t~_~ . . . . .  t~-a = s ' )  (15) 
where  a is any positive finite integer  < n. 
S U M M A R Y  A N D  C O N C L U S I O N S  
The  first par t  of this paper  discussed the well-known relationships between 
classical economics and spatial theory, and it was noted that  most  spatially 
oriented studies have been based on the same behavioristic assumptions as the 
nondimensional theory of the firm. To  overcome the limitations imposed by 
these assumptions,  it was pointed out that  subjective distance functions mus t  
be introduced as a complement  to the economists '  subjective profit maximizing 
functions. 
Af ter  this introduction, the paper  turned to a discussion of the notion of 
subjective functions and the manner  in which they might  be entered into oper- 
ational spatial models. Since the knowledge of spatial behavior  is limited, it 
was argued that  the use of simplified determinist ic models with predefined cause 
and effect relationships would be meaningless.  Therefore,  as a prel iminary to 
the search :for more appropriate  constructs,  the use of probabilistic models in 
spatial research was reviewed.  Par t icular  at tention was drawn to Curry ' s  studies, 
in which stochastic process models have been employed as a device for relat ing 
observed large-scale regulari t ies to small-scale behavior.  
Althoug]h much still remains  to be done, most  of the models discussed in 
the second par t  are promising. Recalling, however,  that  two very  different 
formulations somet imes may  produce the same outcome, the third par t  of the 
paper  draws attention to an al ternat ive approach. More specifically, it was sug- 
gested that  the usefulness of Markovian models in spatial  research should be 
investigated in more detail, even though a subsequent  review of exist ing studies 
indicated that  traditional Markov formulations may  impose several  limitations. 
As an example,  it was noted that  the use of ordinary two-way mat r ix  s t ructures  
in effect limits the number  of variables  to one necessitat ing far  reaching c e t e r i s  
p a r i b u s  assumptions.  I t  was suggested that  the easiest way  to avoid this dif- 
ficulty was to extend the ordinary matr ices  into several  dimensions. This,  
however,  raised the question of how to define appropriate  multiplication rules, 
and it was noted that  the operator  can be specified in a large number  of ways  
f rom which the researcher  can then choose those most  re levant  to his specific 
problem. YVith respect  to spatial studies, it was argued that  the condition of 
a linear sequential operator  be modified in order to account for neighborhood 
and contingency effects. 
The  suggestions concerning q-way matr ices  and local operators  are admit- 
tedly very  general, and much work  remains before they can be made operational 
and subsequently employed in testable models. In  this respect,  the discussion 
has been typical of the inductive stage in research.  Exper iments  with a set  of  
specific models of the optimali ty type have thus indicated the respects  in which 
spatial theories are least sat isfactory,  but  these exper iments  have not shown 
how existing models can be reformulated to take the noted deficiencies into ac- 
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count.  In such  s i tuat ions ,  i t  is of ten  necessa ry  to sacrif ice s impl ic i ty  for accu racy  
and increase  the  n u m b e r  of  var iab les  unt i l  the  m e c h a n i s m s  of the s tudied  process  
are  fu l ly  unders tood.  Once this unde r s t and ing  has been reached,  the  n u m b e r  
of va r i ab les  m a y  then  be r educed  to ach ieve  the economy of t hough t  which  is 
a p r i m a r y  charac te r i s t i c  of a good model .  I t  is possible  tha t  the not ion of  q-way 
ma t r i ces  and mul t id imens iona l  M a r k o v  fo rmula t ions  cons t i tu te  a f r a m e w o r k  for 
the analysis  of spat ia l  behav io r  in genera l  and for  the der iva t ion  of s implif ied 
but  rea l i s t ic  models  in par t icular .  
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